Prove

2

10,

11.

12,

CcsC X SinX = secxcosx
cotxsinx = cosx

tan x = — tan{—x)
sin? x

cOos X

=8CCX —COsS X

Ce8C X

=tfanx + cotx
cOs X

(cos® x)(cot’x + 1) = cot?®x

sin e csc o

= tan o
col a

sin*u — cos® u
———  — — =tanu —cotu
sin u cos u

secf —csch

sec fcsc B =sin 6 cos§

Using cos(x + ¥) = ¢os x cos y — sin x sin y, show that
cos{x + 2%) = cos x.
Using sin(x + ) = sinx cos y + cos x sin y, show that
sin(x + m) = — sin x,

In Problems 13 and 14, verify each identity for the indicated
value.

13.

14,

cos2x = 1 — 2sgin*x, x = 30°

x 1 —cosx T
sin— = *\|———— 1 = —
2 N2 T

% 15, Write sin Bf sin 5¢ as a sum or difference.

7z 16. Write sin w -+ sin 5w as a product.

Verify each identity in Problems 17-20.

7.

18.

19,

27.

28.

29.
30.

31

32.
3.

3.

35.

36.

1 —cos?t

3 =Csci
sm- ¢

{cosa—1? 1—cosa

sin(x —y) tanx —tany
sin(x + y) B tan x + tan y
tanx + cotx

2

cse 2% =

sin? o 1+ cosa
1 —tan?x )
———— =05’ X
1 —tan*x
sin
1 nr - (csc x)(1 + cos x) X
— ¢O8SX . 2 —sec’x
, ————— = 2x
1 —tan’x 5 37 sec? x cos
T = 1 — seccx
1 = cot®x 38, tan S = SEE 1
tan(x + ) = tanx . 7 tanx
1 - (cos B — sin B)* = sin 28 sin z + sin 5¢
. 2(x 8 P 1 39, —t+—5;-=ta.n3t
sin cos cos
T 1 —cos2x i
cotx . sin x -
v 40, Smx 7T Y o —cot b4
2 tan x . COS X — COS Y 2
m: sin 2x cos x+y
Cosx —
wdl, SBEZIBY _
2csc2x = tanx + cotx cosx + cosy 2
cot{x/2)
csCx = ————
1 +cosx
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Prove


Answers

. 1_ .
cscxsinx = _sinx
sin x

=1

= COos x
cos X

=8eC X COs X

. CO8 X .
cotxsmx = sin x
sin X

=C0s X

_sinx
Tcos x

_ —sin{-x)
= cos(—x) -
= —tan(-x)

tan x

sin2x _1-cos?x
cos x cos X
1 os? x

Tcosx COSX

= —-COS X
cos x

=8ec x —COs X

Reciprocal identity
Algebra

Algebra

Reciprocal identity
Quotient identity
Algebra

Quotient identity
Identities for negatives
Quotient identity
Pythagorean identity
Algebra

Algebra

Reciprocal identity


Answers


7.

i
cscx _ sinx

= Reciprocal identi
cos X cos X P v
=———+COSX Algebra
sin x
1 1
== . Algebra
sinx cosx 8
1
= Algebra
sin x cos x
in2 2
sin” x + cos¢ x L
= Pythagorean identi
sin'x cos x y
102 2
sin‘ x cos® x
== ; Algebra
sinxcosx sinxcosx
sinx cosx
e S Algebra
cosx sinzx
=tanx+cotx Quotient identities
cos2x (1 + cot2 x) = cos? x csc? x Pythagorean identity
_ 2 - . .
= COS° X Reciprocal identi
sin? x proc ¥
2
cos x
=5 Algebra
sin® x
=cot? x Quotient identity
singesca "% Gha
= - ivrocal i i
ot cot e Reciprocal identity
1
= Algebra
cot & & )
=tan & Reciprocal identity
in? 2 in2 2
$in“ u — cos u sin® u cos® u
- = - Algebra
sin u cos u sin # cos 4 sin u cos u
Sinu  cosu
=T Algebra
cosu sinu
=tan u—cotu Quotient identities
sec 8 —csc & sec 6 csc 8
= - Algebra
sec Bcsc @ sec Bcsc @ sec Bcsc 8
1 1
= - Algebra
csc 6 sec @ £°

= sin 6 -cos @

Reciprocal identities



11.

12.

13.

14.

13.

16.

17.

cos(x +y) =cos x cos y —sin x sin y
cos(x + 27) = cos x cos 2% — sin x sin 27
= ¢os x(1) —sin x(0)
=cos X

sin{x + y) =sinxcosy +cos x siny
sin(x + y) =sinx cos T+ cosxsinxm
= sin x(-1) + cos x(0}
= —sin x
1
cos 2x = cos 2(30°) = cos 60° = 2

1 -2sin2x =1-2sin? 3F)
=1 - 2(sin 30°)

e _,. 1
A

Since ;—ris in the first quadrant, the sign of the square root is chosen to be positive.
' \jl-cosx_,\/l—cosﬂIZ_,\ll—O_vl_-_L
2 - 2 - 2 2" \E

sin x sin y =% [cos(x —y) —cos(x + ¥)] Let x=8tand y = 5¢

sin 8¢ sin 3¢ =% [cos(8t — 5¢) — cos(8t + 50)] = % (cos 3t—cos 131) = % cos 3r — -;* cos 13¢

sinx+siny=2sinii-':-‘v-cas.x—;2 Let x=w and y = 5w
sin w + sin 5w = 2 sin-% -;5w cos 2 —25w =2 sin 3w cos(-2w) = 2 sin 3w cos 2w

1 -cos2t _sin?t
sinfr  sin3:

Pythagorean identity

Algebra

=8¢ ¢ Reciprocal identity



(cos @—1)2 _ (cos a ~ 1)?

18. sin & = —cos’ & Pythagorean identity
_{cos a— 1}cos ¢ -1}
T (1 -cos @)1 + cos @) Algebra
_{=1¥cos -1}
" l+cosa Algebra
- 1 —cos & Algebra
1+ cos ax
. L1 b-Db-1) (DE-1)_1-5b
Key algobraic steps: 1y = (1 Zby1+b)" 1+5 “1+b
1 —tan? x 1—tan?x
B Tt x “I-(an? x)i Algebra
_ 1-tan‘x
T (1 —tan2 x)(1 + tan? x) Algebra
1+ tanx Algebra
1 . .
e’ x Pythagorean identity
I 2
= Algebra
SCC X
=cos?x Reciprocal identity
1-¢2 1 —¢2 1-—¢2 1

Koy algebraic steps: §— 7= (P22 (-2l +¢2) "1+ c2

20. cot?xcos?x = (csc2x ~1)cos? x
= cse? x cos? x ~cos? x

Y
=(. ) cos? x — cos? x
sin x

(cos x)z 2
=|5| —cos?x

“\sin x

= cot? x — cos? x

Pythagorean identity
Algebra

Reciprocal identity

Algebra
Quotient identity



sinx __sinx 1l+cosux

27. 1—-cosx 1l—cosxl +cosx Algebra
- sinx (1 + cos x)
T 1-—costx Algebea
_sinx siln; ;:05 X Pythagorean identity
sin x |
=2 ¢ (1 + 005 %) Algebra
1
=5 (1+cosx) Algebra

=cscx(l +cosx) ' Reciprocal identity



28.

29.

30

31.

l—tan?x 1 -tan?x

1 “cotPx = 1 Reciprocal identity
tan? x
2 —tan?
- tan< x (1 — tan® x) Algebra
1
2 -
tan< x (1 tan2 x)
_tan? x (I — tan? x)
T tan?x -1 Algebra
_—tan? x (tan? x — 1)
T tan?x -1 Algebra
= —tan? x Algebra
=-(sec2x—1) Pythagorean identity
=1 sec2 x Algebra

—g? 201 — g2 201 — g2 2(q2 —
Key algehraicsteps.l a e a))=aa(21_(;)=—aaga_ll)=

1
l-%of, L

tan x +tan &

tan(x + 1) = 1-tanzxton 7 Sum identity
tanx + 0
*1-tanz.0 Known values
= tan x Algebra

1 -(cos B—sin By =1—(cos®> B-2sin Bcos B+sin2B) Algebra
- =1-cos? B+sin2 B-2sin fcos f)  Algebra

=1-(1-2sinfcos B Pythagdrean identity
=1-1+2sinfcos f§ Algebra
=2sin Bcos 8 | Algebra
=sin 28 Double-angle identity
sci:t ix =2 Sig; zos * Double-angle identity
=*"—2 Sin % cos Quotient identity
cos x
sSin x
=2s8inxcos x + :i(;s; Algebra
=2 sinx cos x - zlonsi Algebra
=2sin?x Algebra
=2sin?x-1+1 Algebra
=1+@2sin?x-1) Algebra
=1-(1~2sin?x) Algebra

=1-cos 2x Double-angle identity



sin x

2tanx cos x
1 +tan?x ] sin? x
cosZ x

sin x
cos x

cos2x-2

cos?x-1+cos?x-
_2sinxcosx
Tcos? x + sin? x
_2sinxcosx
- 1
=2 sin X cos X
=sin 2x

33, 2cesc2x =—;
sin 2x

Y S
2sinxcosx
1
sin x cos x
_sin?x +cos?x
sin x ¢os x
sin? x cos? x
sinx cos x = sin x cos X

_sinx  cosx
cosx sinx

=tanx +cot x

X
cot =

34 Ticosx ~%%2 T+cosx

sin? x
cos? x

- sin x 1+coszx
1 +cosx

_l+cosx 1
T sinx 1+ cosx

1
sin x
=CsC X

Quotient identity

Algeﬁra
Algebra

Pythagorean identity

Algebra
Double-angle identity

Reciprocal identity
Doubic-anglc identity
Algebra

Pythagorean identity
Algebra

Algebra

Quotient identities

Algebra

Reciprocal identity
Half-angle identity

Algebra

Algebra
Reciprocal identity



sin{x —y) sinxcosy—cosxsiny

sin(x +y) sin x cos y + cos x sin y

sin x cos ¥

cos x gin y

__cOoSxCcOosy

COS X COS ¥

" sinx cos y

cos x sin y

Cos x cos y

sinx siny

COS X COS ¥

__kos x cos y

gin x + sin y
CosXx cosy

_tanx—tany
Ttanx + tan y

36. csc2x =

sin 2x

S S
2 sin x cos x

_sinZx +cos?x
2 sin x cos x

sin? x

cos? x

__Sinx cOs X
2cosx  2sinx

lcosx

2cosx 2sinx

_tanx + cot x
- 2

1- 1
2-sec2x __ cos’z
sec2x 1
cos? x

37.

cos?2x-2—cos?x.

: +
2sinxcosx 2sinxcosx

cos? x

cos? x -
_2cos?x-1

1
=2cos?x-1
=cos 2x

cos? x

Sum and difference identitics

Algebra

Algebra

Quotient identity

Reciprocal identity
Double-angle identity
Pythagorean identity
Algebra

Algebra

Algebra

Quotient identities

Algebra

Reciprocal identity

Algebra

Algebra

Algebra
Double-angle identity



38, tani = L—C08Z
2 sin x
1 cOs X
COSX  COSX
sin x
cos X
cos X
CO8 X
sin x
Cos X
_secx—1
T sinx
cos X
_secx—1
~ tanx

S€C X —

. . 2 sin
sin ¢ + sin 5¢ _ 2

39. =
cos I + cos 5¢ t+ 5t t
2 cos

_ 2 sin 3t cos(-21)
~ 2 cos 3t cos(-21)
_sin 31
“cos 3t

=tan 3

x+y LSl A

. . cos

sinx +siny 2 2

COS X —CcOSy X+y . X -y
5 sin T3

xX—-¥
2

2=y
2

—cotx—z_x

2 sin

40,
-2 sin

cos

sin

-2 sinmsin X—-y
COS X —COS Yy _ 2 2

41 cos x + cosy 2 cos Xt Y (o XY
2 2
L X+Y . X —y
_ sin sin =3
cosx;y cosx;y

— —tanx—;2 mx_'z'X

Half-angle identity

Algebra

Reciprocal identity

Algebra

Quotient identity

Sum-product identities

Algebra

Algebra

Quotient identity

Sum-product identities

Algebra

Quotient identity

Sum-product identities

Algebra

Quotient identity





